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ENRICHED DIAGRAMS OF TOPOLOGICAL SPACES OVER
LOCALLY CONTRACTIBLE ENRICHED CATEGORIES
PHILIPPE GAUCHER
Abstract. It is proved that the projective model structure of the category of topolog-
ically enriched diagrams of topological spaces over a locally contractible topologically
enriched small category is Quillen equivalent to the standard Quillen model structure of
topological spaces. We give a geometric interpretation of this fact in directed homotopy.
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1. Introduction
Presentation. In directed homotopy, we have to deal with various mathematical objects
encoding execution paths and irreversibility of time. In the frameworks of d-spaces in
Grandis’ sense [Gra03] and of multipointed d-spaces in the sense of [Gau09] (the latter
is a variant of the former), it is considered a topological space of states equipped with
a distinguished set of continuous maps dX. The set of execution paths is in the case
of Grandis’ d-spaces invariant by reparametrization by the monoid M of nondecreasing
continuous maps from [0, 1] to itself preserving the extremities. The set of execution
paths of a multipointed d-space is only invariant by reparametrization by the group G of
nondecreasing homeomorphisms of [0, 1] (the reason for the difference in the axiomatiza-
tion is that we are still unable to replace everywhere G byM to prove all what is known
about multipointed d-spaces, in particular the results of [Gau05]). For this introduction,
P is either G or M.
2010 Mathematics Subject Classification. 18C35,55U35,18G55,68Q85.
Key words and phrases. d-space, topologically enriched diagram, combinatorial model category, acces-
sible model category, homotopy colimit, locally presentable category, topologically enriched category,
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The starting point of the paper is the following geometric observation. The monoid
P can be viewed as a one-object category such that P is the unique set of morphisms.
Consider a pair (X, dX) such that X is a topological space and such that dX is a set of
continuous maps from [0, 1] to X invariant by the action of P. We suppose that dX is
equipped with its natural topology making the evaluation maps continuous. This data
gives rise to a contravariant diagram DP(X, dX) of topological spaces over P with the
only vertex dX and taking φ ∈ P to the mapping φ∗ : γ 7→ γ.φ. The limit lim
←−
DP(X, dX)
is the space of paths of dX invariant by the action of P. It is equal to the subspace of
constant paths of dX. The colimit lim
−→
DP(X, dX) is nothing else but the quotient of the
space of paths dX by the action of P. More interesting is the interpretation of the ho-
motopy colimit holim
−−−→
DP(X, dX). The expected behavior is that this homotopy colimit
is weakly homotopy equivalent to dX because calculating the colimit up to homotopy
should prevent the identifications up to reparametrization from being made. It is the
case if P = M by Theorem 8.2. It turns out that it is not the case for the homotopy
colimit holim
−−−→
DG(X, dX). For example, if dX is a singleton (i.e. a constant path), then
holim
−−−→
DG(X, dX) has the homotopy type of BG by [Hir03, Proposition 14.1.6 and Propo-
sition 18.1.6] which is not contractible, although both G and dX (which is supposed to
be here a singleton) are contractible. The main result of this paper is that one possible
way to overcome this problem is to work in the enriched setting. The main theorem of
this paper is stated now:
Theorem. (Theorem 7.6) Let P be a topologically enriched small category. Suppose that
P is locally contractible (i.e all spaces of maps P(ℓ, ℓ′) are contractible). Let Top be the
category of ∆-generated spaces. Then the colimit functor from the category [P,Top]0 of
topologically enriched functors and natural transformations to Top induces a left Quillen
equivalence between the projective model structure and the Quillen model structure.
Note that the particular case where P has exactly one map between each pair of objects
(i.e. each space P(ℓ, ℓ′) is a singleton) is trivial. In this case, [P,Top]0 is equivalent to
Top as a category indeed.
Using this theorem, our example can now be reinterpreted in the enriched setting. The
diagram DP(X, dX) belongs to [Pop,Top]0 because the mapping φ 7→ φ
∗ from P to
TOP(dX, dX), where TOP(dX, dX) is the space of continuous maps from dX to itself,
is continuous. Since the inclusion functor [Pop,Top]0 ⊂ Top
Pop into the category of
all contravariant functors from P to Top is colimit-preserving and limit-preserving by
Proposition 5.3, nothing changes concerning the interpretations of lim
←−
DP(X, dX) and
lim
−→
DP(X, dX). On the contrary, the behavior of the homotopy colimit is completely
different. There exists a cofibrant replacement DP(X, dX)cof of DP(X, dX) in [P,Top]0
together with a pointwise weak homotopy equivalence DP(X, dX)cof → ∆Pop(dX) (the
constant diagram ∆Pop(dX) belongs to [P
op,Top]0). Since dX is fibrant, we deduce that
the canonical map lim
−→
DP(X, dX)cof → dX is a weak homotopy equivalence because
the colimit functor is a left Quillen equivalence. It means that in the enriched setting,
holim
−−−→
DP(X, dX) always has the homotopy type of dX. Everything behaves as if we were
in the trivial case above.
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Motivation. Theorem 7.6 as well as Theorem 6.6 are of general interest for all math-
ematicians studying the algebraic topology of enriched diagrams of ∆-generated spaces.
A conjectural generalization of Theorem 7.6 is even suggested in Section 8.
My own interest for this theorem comes from what follows. I need to force a cofibrant
replacement to behave in a very specific way in a model category (the model category of
Moore flows) which will be introduced in a subsequent paper. Everything boils down to
fixing the behavior of the homotopy colimit. There are two ways of fixing this behavior:
Replacing G by M and using Theorem 8.2 (but I am still unable to replace G by M in
all proofs of [Gau05] and I need the results of these papers to reach the goal explained
below) or tweaking the notion of Moore flow (there are several types of Moore flows
indeed) to use Theorem 7.6. The ultimate goal is to prove that there is a zig-zag of
Quillen equivalences between the model category of multipointed d-spaces [Gau09] and
the model category of flows [Gau03] [Gau18] with one of the model categories of Moore
flows in the middle: it is a work in progress. The only known relation between these two
model categories is [Gau09, Theorem 7.5] which can be reformulated as follows. There
exists a functor from multipointed d-spaces to flows which is neither a left nor a right
adjoint and such that the total left derived functor in the sense of [DHKS04] induces an
equivalence of categories between the homotopy categories. I still do not know how to
prove the latter theorem by replacing G by M in the definition of multipointed d-space.
Outline of the paper. Section 2 collects the notations and some useful facts about
locally presentable categories and model categories which are used in this paper. Sec-
tion 3 gives a very important example of locally presentable base in the sense of [BQR98].
Section 4 recalls some facts about the category of ∆-generated spaces, the Quillen model
structure, the Cole-Strøm model structure and the so-called mixed model structure. It cul-
minates in the proof that the mixed model structure is accessible. Section 5 introduces
the material of enriched diagrams of topological spaces. Some elementary facts which are
used in the next sections are proved or recalled. Section 6 introduces two model struc-
tures, the projective one, which is combinatorial, on the category of enriched diagrams
using the Quillen model structure, and the injective one, which is only accessible, on the
category of enriched diagrams using the mixed model structure. This section discusses
the interactions between the two model structures. The existence of the projective model
structure is a straightforward consequence of Moser’s work [Mos19]. We are also able to
prove that this model structure is left proper in Theorem 6.6 (it is right proper because
all objects are fibrant). The latter result is not a consequence of Moser’s work. It is
based on the results of a previous work [Gau09, Appendix A] which partially relies on
a weakening of the notion of closed T1-inclusion introduced by Dugger and Isaksen in
[DI04, p 686]. Section 7 proves the main theorem of the paper. Section 8 adds a com-
ment about the monoid of nondecreasing continuous maps from [0, 1] to itself preserving
the extremities and another one mentioning Shulman’s work [Shu09] about enriched ho-
motopical categories. Finally, an appendix proves two particular cases of Theorem 7.6
using [Shu09].
Acknowledgments. I thank Tim Campion for Theorem 3.2 and Tyler Lawson for The-
orem 8.1. I also thank Asaf Karagila for [Kar18] even if his contribution is not necessary
anymore in this new version (it suffices in the proof of Theorem 3.2 to choose a regular
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cardinal µ > λ such that µ ⊲ λ instead of µλ = µ) and Tim Porter for valuable email
discussions. I thank the anonymous referee for the detailed report.
2. Notations, conventions and prerequisites
It is not required to read any paper about directed homotopy to understand this work.
We refer to [AR94] for locally presentable categories, to [Ros09] for combinatorial model
categories. We refer to [Hov99] and to [Hir03] for more general model categories. We refer
to [Kel05] and to [Bor94b, Chapter 6] for enriched categories. All enriched categories are
topologically enriched categories: the word topologically is therefore omitted.
• All categories are locally small except the category CAT of all locally small cat-
egories.
• K always denotes a locally presentable category.
• Set is the category of sets.
• K(X, Y ) is the set of maps in a category K.
• K0 denotes sometimes the underlying category of an enriched category K. Since
we will be working in a cartesian closed category of topological spaces, K0 is
nothing else but the category K with the topology of the space of maps forgotten.
• Cat is the category of all small categories and functors between them.
• P denotes a nonempty enriched small category.
• Kop denotes the opposite category of K.
• Obj(K) is the class of objects of K.
• Mor(K) is the category of morphisms of K with the commutative squares for the
morphisms.
• KI is the category of functors and natural transformations from a small category
I to K.
• [I,K] is the enriched category of enriched functors from an enriched small category
to an enriched category K, and [I,K]0 is the underlying category.
• ∆I : K → K
I is the constant diagram functor.
• ∅ is the initial object.
• 1 is the final object.
• IdX is the identity of X.
• g.f is the composite of two maps f : A → B and g : B → C; the composite of
two functors is denoted in the same way.
• F ⇒ G denotes a natural transformation from a functor F to a functor G.
• A subcategory is always isomorphism-closed (replete).
• f  g means that f satisfies the left lifting property (LLP) with respect to g, or
equivalently that g satisfies the right lifting property (RLP) with respect to f .
• inj(C) = {g ∈ K, ∀f ∈ C, f  g}.
• cof(C) = {f | ∀g ∈ inj(C), f  g}.
• cell(C) is the class of transfinite compositions of pushouts of elements of C.
• A cellular object X of a combinatorial model category is an object such that
the canonical map ∅ → X belongs to cell(I) where I is the set of generating
cofibrations.
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• A model structure (C,W,F) means that the class of cofibrations is C, that the
class of weak equivalences is W and that the class of fibrations is F in this order.
• (−)cof denotes a cofibrant replacement, (−)fib denotes a fibrant replacement.
• F ⊣ G denotes an adjunction where F is the left adjoint and G the right adjoint.
We will use the following known facts:
• A functor F : K → L between locally presentable categories is a left adjoint if
and only if it is colimit-preserving; indeed, any left adjoint is colimit-preserving;
conversely, if F is colimit-preserving, F op is limit-preserving; since every locally
presentable category is well-copowered by [AR94, Theorem 1.58] and has a gen-
erator, the opposite category Kop is well-powered and has a cogenerator; Hence
the Special Adjoint Functor theorem [Bor94a, Theorem 3.3.4] states that F op is a
right adjoint.
• A functor F : K → L between locally presentable categories is a right adjoint if
and only if it is limit-preserving and accessible by [AR94, Theorem 1.66].
• A transfinite tower (of length λ) of K consists of an ordinal λ and a colimit-
preserving functor D from λ to K; it means that for every limit ordinal µ 6 λ,
the canonical map lim
−→ν<µ
Dν → Dµ is an isomorphism. In any model category
M, a colimit of a transfinite tower of cofibrations between cofibrant objects is a
homotopy colimit. It is due to the fact that the transfinite tower is a diagram over
a direct Reedy category and that, in this case, the tower is Reedy cofibrant for
the Reedy model structure which coincides with the projective model structure
[Hov99, Theorem 5.2.5].
A weak factorization system (L,R) of a locally presentable category K is accessible if
there is a functorial factorization
(A
f
−→ B) ✤ //(A
Lf
−→ Ef
Rf
−→ B)
with Lf ∈ L, Rf ∈ R such that the functor E : Mor(K) → K is accessible [GKR18,
Definition 2.4]. Since colimits are calculated pointwise in Mor(K), a weak factorization
system is accessible if and only if the functors L : Mor(K)→ Mor(K) and R : Mor(K)→
Mor(K) are accessible. By [Ros17, Theorem 4.3], a weak factorization system is accessible
if and only if it is small in Garner’s sense. In particular, every small weak factorization
system (i.e. of the form (cof(I), inj(I)) for a set I) is accessible. A model structure
(C,W,F) on a locally presentable category is accessible if the two weak factorization
systems (C,W ∩F) and (C ∩W,F) are accessible. Every combinatorial model category
is an accessible model category.
We will be using the following characterization of a Quillen equivalence. A Quillen
adjunction F ⊣ G : C ⇆ D is a Quillen equivalence if and only if for all fibrant objects
X of D, the natural map F (G(X)cof) → X is a weak equivalence of D (the functor F
is then said to be homotopically surjective) and if for all cofibrant objects Y of C, the
natural map Y → G(F (Y )fib) is a weak equivalence of C [Hov99, Proposition 1.3.13]. If
all objects of D are fibrant, the latter assertion is equivalent to saying that for all cofibrant
objects Y of C, the unit of the adjunction Y → G(F (Y )) is a weak equivalence of C.
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3. On locally presentable bases
3.1.Definition. [BQR98, Definition 1.1] Let λ be a regular cardinal. A locally λ-presenta-
ble base is a symmetric monoidal closed category V which is locally λ-presentable and such
that
• The unit of the tensor product is λ-presentable
• The tensor product of two λ-presentable objects of V is λ-presentable.
A locally presentable base is a locally λ-presentable base for some regular cardinal λ.
The following theorem is the key fact to establish Corollary 3.3.
3.2. Theorem. [Cam19] (T. Campion) Let K be a locally presentable category. Let λ be
a regular cardinal. Then there exists a regular cardinal µ > λ such that the binary product
of two µ-presentable objects is µ-presentable.
Proof. Since we have the isomorphisms
K(Z,X × Y ) ∼= K(Z,X)×K(Z, Y ) ∼= (K ×K)((Z,Z), (X, Y )),
the functor (X, Y ) 7→ X × Y is a right adjoint. It is therefore accessible. We choose a
large enough regular cardinal ν such that the functor (X, Y ) 7→ X×Y is ν-accessible and
such that ν > λ. We choose a regular cardinal µ⊲ ν such that the binary product of two
ν-presentable objects is µ-presentable. By [AR94, Remark 2.15], write A as a retract of
a µ-small ν-filtered colimit A = lim
−→k∈K
Ak of ν-presentable objects and B as a retract of
a µ-small ν-filtered colimit B = lim
−→ℓ∈L
Bℓ of ν-presentable objects. Let I = K ×L which
is µ-small and ν-filtered. The projections π1 : K ×L→ K and π2 : K ×L→ L are right
cofinal. Indeed, for k ∈ K, k↓π1 = (k↓K)× L is a product of filtered categories, and so
filtered itself and therefore nonempty and connected. This implies that π1 (and also π2)
is right cofinal. We obtain the isomorphisms A ∼= lim−→i∈I
Aπ1(i) and B
∼= lim−→i∈I
Bπ2(i) by
[Hir03, Theorem 14.2.5(1)]. We deduce the isomorphism of K ×K
(A,B) ∼= lim−→
i∈I
(
Aπ1(i), Bπ2(i)
)
.
Since I is ν-filtered and since the functor (X, Y ) 7→ X×Y is supposed to be ν-accessible,
we obtain the isomorphism
A× B ∼= lim−→
i∈I
(
Aπ1(i) ×Bπ2(i)
)
.
Let C = lim
−→j∈J
Cj be a µ-filtered colimit. Then we have
K(A× B,C)
∼= lim←−
i∈I
K
(
Aπ1(i) × Bπ2(i), lim−→
j∈J
Cj
)
by A× B = lim
−→
i∈I
(
Aπ1(i) × Bπ2(i)
)
∼= lim←−
i∈I
lim
−→
j∈J
K(Aπ1(i) × Bπ2(i), Cj) since Aπ1(i) × Bπ2(i) is µ-presentable
∼= lim−→
j∈J
lim
←−
i∈I
K(Aπ1(i) × Bπ2(i), Cj) since I is µ-small and J is µ-filtered
∼= lim−→
j∈J
K(A× B,Cj) by A× B = lim−→
i∈I
(
Aπ1(i) × Bπ2(i)
)
.
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We deduce that A×B is µ-presentable, and A×B as well since it is a retract of A×B. 
We deduce the following important example of locally presentable base which is not in
[BQR98]:
3.3. Corollary. (T. Campion) Let K be a locally presentable category which is cartesian
closed. Then it is a locally presentable base for the closed monoidal structure induced by
the binary product.
Proof. It suffices to start from a regular cardinal λ such that K is locally λ-presentable
and such that the terminal object is λ-presentable and to apply Theorem 3.2. 
4. Quillen and mixed model structures of topological spaces
The category Top denotes the category of ∆-generated spaces, i.e. the colimits of
simplices. For a tutorial about these topological spaces, see for example [Gau09, Section 2].
The category Top is locally presentable (see [FR08, Corollary 3.7]), cartesian closed and
it contains all CW-complexes. The internal hom functor is denoted by TOP(−,−). The
forgetful functor from Top to Set is fibre-small and topological. The category Top is a
full coreflective subcategory of the category TOP of general topological spaces.
The category Top can be viewed as a category enriched over itself. It is also locally pre-
sentable in the enriched sense by [Mos19, Proposition 2.4] (see also [Kel82, Corollary 7.3]).
It is tensored and cotensored over itself because Top is cartesian closed: the tensor prod-
uct is the binary product and the unit is the singleton. A category enriched over Top is
called an enriched category. As already said in Section 2, the adjective “topologically” is
omitted because all enrichments in this paper are over Top.
We recall Cole’s theorem enabling us to mix model structures.
4.1. Theorem. [Col06, Theorem 2.1] Let (C1,W1,F1) and (C2,W2,F2) be two model
structures on the same underlying category with W1 ⊂ W2 and with F1 ⊂ F2. Then
there exists a unique model structure (Cm,Wm,Fm) such that Wm = W2 and Fm = F1.
Moreover, we have C1 ∩W1 = Cm ∩Wm and C2 ⊂ Cm.
4.2. Proposition. With the notations of Theorem 4.1. Suppose that the underlying cat-
egory K is locally presentable. Suppose that the weak factorization system (C1 ∩W1,F1)
is accessible and that the model structure (C2,W2,F2) is combinatorial. Then the model
structure (Cm,Wm,Fm) is accessible.
Proof. There is the equality of weak factorization systems (C1∩W1,F1) = (Cm∩Wm,Fm)
by Theorem 4.1. Thus the right-hand weak factorization system is accessible because
the left-hand one is accessible by hypothesis. The other factorization is obtained as
follows: first f factors as a composite f = R2(f).L2(f) with L2(f) ∈ C2 and R2(f) ∈
W2∩F2. Since C2 ⊂ Cm by Theorem 4.1, L2(f) ∈ Cm. Then R2(f) factors as a composite
R2(f) = ℓ.k with k ∈ C1 ∩ W1 = Cm ∩ Wm and ℓ ∈ F1 = Fm. By the 2-out-of-
3 property, ℓ ∈ W2 = Wm. Thus the second factorization is f = ℓ.(k.L2(f)). The
functor R2 : Mor(K) → Mor(K) is accessible since the model structure (C2,W2,F2) is
combinatorial by hypothesis. Since (C1 ∩W1,F1) is accessible by hypothesis, we deduce
that the weak factorization system (Cm,Wm ∩ Fm) is accessible. 
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The category Top can be equipped with the Quillen model structure (C2,W2,F2) in
which the weak equivalences are the weak homotopy equivalences [Hov99, Section 2.4].
There is another well-known model structure (C1,W1,F1) on Top called the Cole-Strøm
model structure. The weak equivalences are the homotopy equivalences; the fibrations
are the Hurewicz fibrations; the cofibrations are the strong Hurewicz cofibrations. A
general proof of its existence can be found in [BR13, Corollary 5.23]; The monomor-
phism hypothesis is automatically satisfied because Top is locally presentable [BR13,
Remark 5.20]. All topological spaces are fibrant and cofibrant for the Cole-Strøm model
structure. By using Proposition 4.2, we obtain the mixed model structure: the weak
equivalences are the weak homotopy equivalences and the fibrations are the Hurewicz fi-
brations. All topological spaces are fibrant for this model structure. The cofibrations (the
cofibrant objects resp.) of the mixed model structure are called the mixed cofibrations
(the mixed cofibrant objects resp.). All Quillen cofibrations are mixed cofibrations because
C2 ⊂ Cm. By [Col06, Proposition 3.6], a map f : A → X is a mixed cofibration if and
only if it is a closed Hurewicz cofibration and f factors as a composite f : A→ X ′ → X
such that the left-hand map is a Quillen cofibration and the right-hand map is a homo-
topy equivalence. In particular, the cofibrant objects of the mixed model structure are
the topological spaces homotopy equivalent to a cofibrant object of the Quillen model
structure [Col06, Corollary 3.7].
4.3.Notation. By convention, TopQ denotes the category of ∆-generated spaces equipped
with the Quillen model structure and Topm denotes the category of ∆-generated spaces
equipped with the mixed model structure.
Convention. The words cofibration and cofibrant without further precision mean cofi-
bration and cofibrant in TopQ. The words mixed cofibration and mixed cofibrant mean
cofibration and cofibrant in Topm.
4.4. Corollary. The model category Topm is accessible.
Concerning the Cole-Strøm model structure (C1,W1,F1) of Top, it is known that the
weak factorization system (C1,W1∩F1) is not small by [Rap10, Remark 4.7]. It is unlikely
that the weak factorization system (C1∩W1,F1) is small but we are not aware of a proof
of this fact. Thus it is unlikely that the mixed model category Topm is combinatorial.
Sketch of proof. It suffices to check that the factorization of a map by a strong cofibration
which is a homotopy equivalence followed by a Hurewicz fibration is accessible. We can
use the construction of [BR13, Definition 3.2]. The middle space is given by an accessible
functor as soon as the underlying category is locally presentable and cartesian closed.
The result follows from Proposition 4.2. 
We want to recall the following theorem:
4.5. Theorem. (C. Rezk) Let (C1,W1,F1) and (C2,W2,F2) be two model structures on
the same underlying category with W1 = W2. Then the model structure (C1,W1,F1) is
left proper (right proper resp.) if and only if the model structure (C2,W2,F2) is left proper
(right proper resp.).
Proof. This amazing result is a consequence of [Rez02, Proposition 2.5] (it is [Rez02,
Proposition 2.7] in the prepublished version). 
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It implies thatTopm is proper. Indeed, it has the same class of weak equivalences as the
model category TopQ. And the latter is known to be proper by [Hir03, Theorem 13.1.11].
Thus the former is proper as well by Theorem 4.5. The mixed model structure Topm is
also closed monoidal for the binary product by [Col06, Proposition 6.6].
5. Enriched diagrams over a small enriched category
Let P be a nonempty enriched small category. Denote by P(ℓ, ℓ′) the space of maps
from ℓ to ℓ′. The underlying category is denoted by P0 and we have
P0(ℓ, ℓ
′) = Top({0},P(ℓ, ℓ′))
for all objects ℓ and ℓ′ of P.
An enriched functor from P to Top is a functor F of TopP0 such that the set map
P0(ℓ1, ℓ2) −→ Top(F (ℓ1), F (ℓ2))
induces a continuous map
Fℓ1,ℓ2 : P(ℓ1, ℓ2) −→ TOP(F (ℓ1), F (ℓ2)).
An enriched natural transformation η : F ⇒ G from an enriched functor F to an enriched
functor G is, by definition [Bor94b, Diagram 6.13], a family of continuous maps
ηℓ : {0} → TOP(F (ℓ), G(ℓ))
such that the following diagram of Top commutes for all ℓ1, ℓ2 ∈ Obj(P):
P(ℓ1, ℓ2)
(Gℓ1,ℓ2 ,ηℓ1 ) //
(ηℓ2 ,Fℓ1,ℓ2 )

TOP(G(ℓ1), G(ℓ2))×TOP(F (ℓ1), G(ℓ1))

TOP(F (ℓ2), G(ℓ2)) ×TOP(F (ℓ1), F (ℓ2)) // TOP(F (ℓ1), G(ℓ2))
Since Top is cartesian closed, we have
Top(F (ℓ), G(ℓ))) = Top({0},TOP(F (ℓ), G(ℓ))).
Therefore η is just an ordinary natural transformation from F to G in TopP0 . The
underlying category [P,Top]0 of the enriched category of enriched functors [P,Top] can
then be identified with a full subcategory of the category TopP0 of functors F : P →
Top such that the set map P0(ℓ1, ℓ2) −→ Top(F (ℓ1), F (ℓ2)) induces a continuous map
P(ℓ1, ℓ2) −→ TOP(F (ℓ1), F (ℓ2)) for all ℓ1, ℓ2 ∈ Obj(P).
It is well-known that the enriched category [P,Top] is tensored and cotensored over
Top (e.g. see [Mos19, Lemma 5.2]). For an enriched diagram F : P → Top, and a
topological space U , the enriched diagram F ⊗ U : P → Top is defined by F ⊗ U =
F (−)× U and FU : P → Top is defined by FU = TOP(U, F (−)).
5.1. Proposition. The category [P,Top]0 is locally presentable.
Proof. By Corollary 3.3, the category Top is a locally presentable base in the sense of
[BQR98, Definition 1.1] for the closed monoidal structure given by the binary product.
Using [BQR98, Example 6.2], we deduce that the enriched category [P,Top] is enriched
locally presentable. The proof is complete using [BQR98, Proposition 6.6]. 
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5.2. Proposition. A functor F of TopP0 belongs to the full subcategory [P,Top]0 if and
only if for all ℓ, ℓ′ ∈ Obj(P), the set map P(ℓ, ℓ′)× F (ℓ)→ F (ℓ′) defined by the mapping
(φ, γ) 7→ F (φ)(γ) is continuous.
Proof. This comes from the bijection of sets
Top(P(ℓ, ℓ′),TOP(F (ℓ), F (ℓ′))) ∼= Top(P(ℓ, ℓ′)× F (ℓ), F (ℓ′)).

Note that ∆P∅ belongs to [P,Top]0 just because Id∅ is continuous.
5.3. Proposition. The inclusion functor [P,Top]0 ⊂ Top
P0 is colimit-preserving and
limit-preserving.
Proof. Since the category [P,Top]0 is a full subcategory of Top
P0 , it suffices to prove
that [P,Top]0 is closed under the colimits and the limits of Top
P0 . Let (Fi)i∈I be a
small diagram of functors of [P,Top]0. The case of colimits comes from the fact that the
colimit of the maps
P(ℓ, ℓ′)× Fi(ℓ)→ Fi(ℓ
′)
in the category of diagrams Mor(Top) is
P(ℓ, ℓ′)× (lim
−→
Fi(ℓ))→ lim−→
Fi(ℓ
′)
because Top is cartesian closed and because colimits in Mor(Top) are calculated point-
wise. The case of limits comes from the fact that the limit of the maps
P(ℓ, ℓ′)× Fi(ℓ)→ Fi(ℓ
′)
in the category of diagrams Mor(Top) is
P(ℓ, ℓ′)× lim
←−
Fi(ℓ)→ lim←−
Fi(ℓ
′)
because the functor lim
←−
commutes with binary products as any right adjoint and because
limits in Mor(Top) are calculated pointwise. 
5.4. Notation. Let FPℓ X = P(ℓ,−)×X ∈ [P,Top]0 where X is a topological space and
where ℓ is an object of P.
5.5. Proposition. For every enriched functor F : P → Top, every ℓ ∈ Obj(P) and
every topological space X, we have the natural bijection of sets
[P,Top]0(F
P
ℓ X,F )
∼= Top(X,F (ℓ)).
In particular, the functor FPℓ : Top→ [P,Top]0 is colimit-preserving for all ℓ ∈ Obj(P).
Proof. We have the sequence of natural homeomorphisms
[P,Top](FPℓ X,F )
∼= [P,Top](P(ℓ,−),TOP(X,F (−))(1)
∼= TOP(X,F (ℓ)),(2)
(1) because the enriched category [P,Top] is tensored and cotensored over Top, (2)
by the enriched Yoneda lemma. By applying to the obtained isomorphism the functor
Top({0},−), we obtain the desired bijection. 
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5.6. Corollary. Let f : X → Y be a map of Top. The map of enriched diagrams
F
P
ℓ X → F
P
ℓ Y induced by f satisfies the LLP with respect to a map of diagrams D → E of
[P,Top]0 if and only if f satisfies the LLP with respect to the continuous map Dℓ → Eℓ.
5.7. Theorem. The inclusion functor iP : [P,Top]0 ⊂ Top
P0 has both a left adjoint
and a right adjoint. In other terms, the category [P,Top]0 is both a reflective and a
coreflective subcategory of TopP0. If iP! : Top
P0 → [P,Top]0 is the left adjoint, then for
all ℓ ∈ Obj(P) and all topological spaces U , iP! (P0(ℓ,−)× U) = P(ℓ,−)× U .
Proof. Since the inclusion functor is colimit-preserving, it is in particular accessible and
it is also a left adjoint because both the categories [P,Top]0 and Top
P0 are locally
presentable. Since it is moreover limit-preserving, it is a right adjoint. We have the
sequence of bijections
[P,Top]0(i
P
! (P0(ℓ,−)× U), Y )
∼= TopP0(P0(ℓ,−)× U, Y )(3)
∼=
∫
ℓ′
Top(P0(ℓ, ℓ
′)× U, Y (ℓ′))(4)
∼=
∫
ℓ′
Set(P0(ℓ, ℓ
′),Top(U, Y (ℓ′)))(5)
∼= SetP0(P0(ℓ,−),Top(U, Y (−)))(6)
∼= Top(U, Y (ℓ))(7)
∼= [P,Top]0(P(ℓ,−)× U, Y ),(8)
(3) because [P,Top]0 is a full subcategory of Top
P0 by Proposition 5.2 and by adjunction,
(4) by [ML98, page 219 (2)], (5) because P0(ℓ, ℓ
′) is a set, (6) by [ML98, page 219 (2)],
(7) by Yoneda, and finally (8) by Proposition 5.5. The proof is complete thanks to the
Yoneda lemma. 
5.8. Proposition. Let ℓ ∈ Obj(P). Let U be a topological space. Then there is the
natural homeomorphism lim
−→P
F
P
ℓ U
∼= U .
Proof. There is the sequence of bijections (V being any topological space):
Top(lim
−→
F
P
ℓ U,V )
∼= TopP0(FPℓ U,∆PV )(9)
∼= [P,Top]0(F
P
ℓ U,∆PV )(10)
∼= Top ({0}, [P,Top](P(ℓ,−)× U,∆PV ))(11)
∼= Top ({0}, [P,Top](P(ℓ,−),TOP(U,∆PV (−))))(12)
∼= Top ({0},TOP(U, V ))(13)
∼= Top(U, V ),(14)
(9) by definition of the colimit, (10) because [P,Top]0 is a full subcategory of Top
P0
and because the constant diagram functor belongs to [P,Top]0, (11) by definition of the
enriched category [P,Top], (12) since the enriched category [P,Top] is tensored and
cotensored over Top, (13) by the enriched Yoneda lemma, and finally (14) by definition
of the enrichment of Top. The proof is complete thanks to the (ordinary) Yoneda lemma.

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6. The homotopy theory of enriched diagrams of topological spaces
6.1. Notation. Let n > 1. Denote by Dn = {b ∈ Rn, |b| 6 1} the n-dimensional disk,
and by Sn−1 = {b ∈ Rn, |b| = 1} the (n − 1)-dimensional sphere. By convention, let
D0 = {0} and S−1 = ∅. The map Dn ⊂ Dn+1
6.2.Theorem. The category [P,Top]0 can be endowed with a structure of a combinatorial
model category as follows:
• The set of generating cofibrations is the set of maps
{FPℓ S
n−1 → FPℓ D
n | n > 0, ℓ ∈ Obj(P)}
induced by the inclusions Sn−1 ⊂ Dn.
• The set of generating trivial cofibrations is the set of maps
{FPℓ D
n → FPℓ D
n+1 | n > 0, ℓ ∈ Obj(P)}
where the maps Dn ⊂ Dn+1 are induced by the mappings
(x1, . . . , xn) 7→ (x1, . . . , xn, 0).
• A map F → G is a weak equivalence if and only if for all ℓ ∈ Obj(P), the contin-
uous map F (ℓ)→ G(ℓ) is a weak equivalence of TopQ, i.e. the weak equivalences
are the pointwise weak homotopy equivalences
• A map F → G is a fibration if and only if for all ℓ ∈ Obj(P), the continuous map
F (ℓ) → G(ℓ) is a fibration of TopQ, i.e. the fibrations are the pointwise Serre
fibrations.
This model structure, denoted by [P,TopQ]
proj
0 , is called the projective model structure.
The cofibrations are called the projective cofibrations.
Proof. The existence of an accessible model structure is a consequence of Proposition 5.1,
[Mos19, Theorem 6.5(ii)] and of the fact that all objects of TopQ are fibrant (it suffices
to use the adjunction TopObj(P) ⇆ [P,Top]0 and the Quillen Path Object Argument,
which implies the acyclicity condition). It is cofibrantly generated by Corollary 5.6 and
because the set of inclusions {Sn−1 ⊂ Dn | n > 0} ({Dn ⊂ Dn+1 | n > 0} resp.) is a set
of generating (trivial resp.) cofibrations of TopQ. 
In [Pia91], Piacenza proves a similar result by working in the category of Hausdorff
k-spaces in the sense of [Vog71]. We do not know if Piacenza’s proof can be adapted to
∆-generated spaces, especially because Piacenza works with Hausdorff spaces and we do
not assume any separation hypothesis. It is also known that Hausdorff k-spaces do not
behave very well for algebraic topology problems and that weak Hausdorff k-spaces are
much better (see the end of the introduction of [Gau09] for some bibliographical research
about this problem).
[Shu09, Theorem 24.4] and [Mos19, Theorem 4.4] (the latter is a generalization of the
former to the framework of accessible model categories) give sufficient conditions for the
projective model structure to exist in an enriched situation. They could be applied to
prove Theorem 6.2 if e.g. we assumed that all topological spaces P(ℓ, ℓ′) were cofibrant
in TopQ.
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6.3. Corollary. The adjunction iP! ⊣ i
P of Theorem 5.7 is a Quillen adjunction between
the projective model structures of TopP0 and [P,Top]0.
6.4. Theorem. Suppose that all topological spaces P(ℓ, ℓ′) are homotopy equivalent to a
cofibrant space. The category [P,Topm]0 can be endowed with a structure of accessible
model category characterized as follows:
• A map F → G is a cofibration if and only if for all ℓ ∈ Obj(P), the continuous
map F (ℓ)→ G(ℓ) is a cofibration of Topm, i.e. the cofibrations are the pointwise
mixed cofibrations.
• A map F → G is a weak equivalence if and only if for all ℓ ∈ Obj(P), the contin-
uous map F (ℓ)→ G(ℓ) is a weak equivalence of Topm, i.e. the weak equivalences
are the pointwise weak homotopy equivalences
This model structure, denoted by [P,Topm]
inj
0 , is called the injective mixed model struc-
ture. The fibrations are called the injective mixed fibrations.
Proof. By [Col06, Proposition 6.4], the cartesian closed category Top equipped with
the mixed model structure is a monoidal model category. The proof is complete by
Proposition 5.1, Corollary 4.4 and [Mos19, Theorem 6.5(i)] 
6.5. Corollary. Suppose that all topological spaces P(ℓ, ℓ′) are homotopy equivalent to a
cofibrant space. Then the projective model structure [P,TopQ]
proj
0 is proper.
Proof. By hypothesis, all topological spaces P(ℓ, ℓ′) are mixed cofibrant. We deduce
that the functors − × P(ℓ, ℓ′) : Topm → Topm preserve mixed cofibrations for all
ℓ, ℓ′ ∈ Obj(P) because (Topm,×) is a closed monoidal model category. Using [Mos19,
Proposition 8.1(i)], we obtain that the injective model structure [P,Topm]
inj
0 is left
proper. By Theorem 4.5, we deduce that [P,TopQ]
proj
0 is left proper
1. The model cate-
gory [P,TopQ]
proj
0 is right proper because the fibrations are the pointwise fibrations and
because all topological spaces are fibrant. 
We can actually remove the hypothesis of Corollary 6.5 but the proof is a little bit
more involved. It makes use of [Gau09, Proposition A.2] and [Gau09, Proposition A.6];
the proof of [Gau09, Proposition A.6] is based on the notion of relative T1-inclusion of
[DI04]. We include it here for completness.
6.6. Theorem. The projective model structure [P,TopQ]
proj
0 is proper.
Proof. It suffices to prove that it is left proper because all objects are fibrant. In a model
category, weak equivalences are closed under retract. Therefore it suffices to prove that
the pushout of a weak equivalence along a transfinite composition of pushouts of maps
of the form FPℓ S
n−1 → FPℓ D
n is still a weak equivalence. Consider first the following
situation:
F
P
ℓ S
n−1 //

F
f
//

G

F
P
ℓ D
n // H
f˜
// K.
1We cannot apply [Mos19, Proposition 8.1(i)] directly to [P ,TopQ]
proj
0
because the spaces of maps of P
are not necessarily cofibrant in the Quillen model structure of Top.
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For all objects ℓ′ of P, we obtain the diagram of Top
P(ℓ, ℓ′)× Sn−1 //

F (ℓ′)
fℓ′ //

G(ℓ′)

P(ℓ, ℓ′)×Dn // H(ℓ′)
f˜ℓ′ // K(ℓ′).
If fℓ′ is a weak homotopy equivalence, then f˜ℓ′ is a weak homotopy equivalence by [Gau09,
Proposition A.2]. Thus if f is a pointwise weak equivalence, then f˜ is a pointwise weak
equivalence. By [Gau09, Proposition A.6], this process can be iterated transfinitely since
colimits in [P,Top]0 are calculated pointwise by Proposition 5.3. 
6.7. Proposition. For all (trivial resp.) cofibrations f : U → V of TopQ and all ℓ ∈
Obj(P), the map of diagrams FPℓ U → F
P
ℓ V is a (trivial resp.) projective cofibration.
Proof. The model structure on [P,Top]0 is obtained by right-inducing it using the ad-
junction TopObj(P) ⇆ [P,Top]0 (see the comment in the proof of Theorem 6.2) where
the right adjoint is given by the evaluation maps. The proof is complete thanks to
Proposition 5.5. 
6.8. Corollary. The combinatorial model category [P,TopQ]
proj
0 is tractable (i.e. the
generating cofibrations and generating trivial cofibrations have cofibrant domains).
Proof. It is a consequence of the fact that the maps∅ ⊂ Sn−1 and∅ ⊂ Dn are cofibrations
for all n > 0 and that FPℓ ∅ = ∆P∅ is the initial object of [P,Top]0 for all ℓ ∈ Obj(P).
The proof is complete thanks to Proposition 6.7. 
7. The main theorem
7.1. Proposition. Suppose that all topological spaces P(ℓ, ℓ′) are homotopy equivalent to
a cofibrant space. Then any cofibration of [P,TopQ]
proj
0 is a cofibration of [P,Topm]
inj
0 .
In other terms, the identity functor is a left Quillen adjoint
Id : [P,TopQ]
proj
0 → [P,Topm]
inj
0 .
Another way to formulate this proposition is that any projective cofibration of the
model category [P,TopQ]
proj
0 is a pointwise mixed cofibration of Top
P0
m . On the con-
trary, a projective cofibration of [P,TopQ]
proj
0 is not necessarily a pointwise cofibration
of TopP0Q . For example, the diagram F
P
ℓ U is projective cofibrant for any cofibrant space
U by Proposition 6.7. But the vertices of this diagram are only homotopy equivalent to
a cofibrant space.
Proof. Every cofibration of [P,TopQ]
proj
0 is a retract of a transfinite composition of
pushouts of maps of
{FPℓ S
n−1 ⊂ FPℓ D
n | n > 0, ℓ ∈ Obj(P)}.
Therefore it suffices to prove that the maps FPℓ S
n−1 ⊂ FPℓ D
n are pointwise mixed cofibra-
tions of TopP0 for all n > 0, ℓ ∈ Obj(P). It suffices to prove that for all ℓ, ℓ′ ∈ Obj(P)
and all n > 0, the map
P(ℓ, ℓ′)× Sn−1 ⊂ P(ℓ, ℓ′)×Dn
14
is a mixed cofibration. The latter fact comes from the facts that P(ℓ, ℓ′) is cofibrant
in Topm, that any cofibration is a mixed cofibration and that (Topm,×) is a monoidal
model structure. 
7.2. Corollary. Suppose that all topological spaces P(ℓ, ℓ′) are homotopy equivalent to a
cofibrant space. Then the identity functor induces a left Quillen equivalence
Id : [P,TopQ]
proj
0 → [P,Topm]
inj
0 .
7.3. Proposition. There is a Quillen adjunction lim
−→
⊣ ∆P between the model categories
[P,TopQ]
proj
0 and TopQ.
Proof. There is the sequence of bijections (X being an object of [P,Top]0 and U being
a topological space)
Top(lim
−→
X,U) ∼= TopP0(X,∆PU) ∼= [P,Top]0(X,∆PU),
the left-hand bijection by definition of the colimit and by Proposition 5.3, the right-hand
bijection because the category [P,Top]0 is a full subcategory of Top
P0 and because
the constant diagram functor belongs to [P,Top]0. The right adjoint ∆P : TopQ →
[P,TopQ]
proj
0 takes (trivial resp.) fibrations to pointwise (trivial resp.) fibrations, there-
fore it is a right Quillen adjoint. 
7.4. Proposition. There is a categorical adjunction ∆P ⊣ lim←−
between the categories
[P,Top]0 and Top.
Proof. The proof is analogous to the first part of the proof of Proposition 7.3. 
7.5. Corollary. Suppose that all topological spaces P(ℓ, ℓ′) are homotopy equivalent to a
cofibrant space. There is a Quillen adjunction ∆P ⊣ lim←−
between the model categories
Topm and [P,Topm]
inj
0 .
Proof. The left adjoint∆P : Topm → [P,Topm]
inj
0 takes (trivial resp.) mixed cofibrations
to pointwise (trivial resp.) mixed cofibrations. We deduce that it is a left Quillen adjoint.

We can now prove the main theorem of the paper.
7.6. Theorem. Suppose that all spaces P(ℓ, ℓ′) are contractible. Then the Quillen adjunc-
tion
[P,TopQ]
proj
0
lim
−→
%%
⊥ TopQ
∆P
ff
is a Quillen equivalence.
Proof. Since all spaces P(ℓ, ℓ′) are contractible by hypothesis, i.e. homotopy equivalent to
a point, they are cofibrant for the mixed model structure Topm. Let U be a topological
space. Let U cof → U be a cofibrant replacement of U in TopQ. We obtain a map
U cof −→ (∆PU)(ℓ)
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for some ℓ ∈ Obj(P). By Proposition 5.5, we obtain a map
F
P
ℓ U
cof −→ ∆PU
of [P,Top]0. Since all topological spaces P(ℓ, ℓ
′) are contractible by hypothesis, the map
F
P
ℓ U
cof −→ ∆PU
is a weak equivalence of [P,TopQ]
proj
0 . By Proposition 6.7, the map
F
P
ℓ ∅→ F
P
ℓ U
cof
is a cofibration of [P,TopQ]
proj
0 . Thus F
P
ℓ U
cof is a cofibrant replacement of ∆PU in
[P,TopQ]
proj
0 . Using Proposition 5.8, we obtain that the canonical map
lim
−→
F
P
ℓ U
cof ∼= U cof −→ U
is a weak equivalence of TopQ. We deduce that the functor
lim
−→
: [P,TopQ]
proj
0 −→ TopQ
is homotopically surjective.
Let Y be a cofibrant diagram of [P,TopQ]
proj
0 . Since all objects of [P,TopQ]
proj
0 are
fibrant, we need to prove that the unit of the adjunction
Y −→ ∆P(lim−→
Y )
is a weak equivalence to complete the proof. Every cofibrant diagram of [P,TopQ]
proj
0 is
a retract of a cellular object of [P,TopQ]
proj
0 , i.e. of a transfinite composition of pushouts
of generating cofibrations. And in a model category, the retract of a weak equivalence is
a weak equivalence. We can therefore assume without lack of generality that Y is cellular.
As a first step, consider the commutative diagram in [P,Top]0
F
P
ℓ S
n−1

❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
❄
// X
  ❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
❅
F
P
ℓ D
n
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
❃
∆P lim−→
F
P
ℓ S
n−1

// ∆P lim−→
X
∆P lim−→
F
P
ℓ D
n
obtained using the unit of the adjunction Id⇒ ∆P lim−→
. Suppose that the map
X −→ ∆P lim−→
X
is a pointwise weak equivalence (of the model category [P,TopQ]
proj
0 or equivalently of
the model category [P,Topm]
inj
0 ), that X is projective cofibrant and that ∆P lim−→
X is
pointwise mixed cofibrant. The map
F
P
ℓ S
n−1 → FPℓ D
n
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is a pointwise mixed cofibration between pointwise mixed cofibrant diagrams by Proposi-
tion 7.1. By Proposition 5.8, the map
∆P lim−→
F
P
ℓ S
n−1 ∼= ∆PS
n−1 → ∆PD
n ∼= ∆P lim−→
F
P
ℓ D
n
is a pointwise mixed cofibration between pointwise mixed cofibrant diagrams as well
because all Quillen cofibrations are mixed cofibrations. Since X is projective cofibrant
by hypothesis, it is also pointwise mixed cofibrant by Proposition 7.1. For all topological
spaces U , the maps
F
P
ℓ U → ∆PU
are pointwise weak equivalences since all spaces P(ℓ, ℓ′) are contractible. We are ready
to apply the cube lemma [Hov99, Lemma 5.2.6] in [P,Topm]
inj
0 by passing to the colimit.
Since the functor
∆P . lim−→
: [P,Top]0 → [P,Top]0
is colimit-preserving by Proposition 7.3 and Proposition 7.4 as a composite of two colimit-
preserving functors, we obtain the commutative diagram
F
P
ℓ S
n−1

✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
// X
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿

F
P
ℓ D
n
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
✽
// Y
✿
✿
✿
✿
✿
✿
✿
✿
✿
✿
∆PS
n−1

// ∆P lim−→
X

∆PD
n // ∆P lim−→
Y.
Using the cube lemma in [P,Topm]
inj
0 , we deduce that the map
Y −→ ∆P lim−→
Y
is a pointwise weak equivalence from a projective cofibrant object of [P,TopQ]
proj
0 to
a pointwise mixed cofibrant object of [P,Topm]
inj
0 . Moreover, the map X → Y is a
cofibration both of [P,TopQ]
proj
0 and of [P,Topm]
inj
0 , and the map
∆P lim−→
X → ∆P lim−→
Y
is a pointwise mixed cofibration, i.e. a cofibration of [P,Topm]
inj
0 as well. We start from
X = ∅: the only possibility is then n = 0, FPℓ S
−1 = ∅ is the initial enriched diagram
and Y = FPℓ D
0 is a free enriched diagram generated by a point (it depends on ℓ). Then
by iterating the process transfinitely, we obtain two transfinite towers of cofibrations of
[P,Topm]
inj
0 between pointwise mixed cofibrant diagrams. In this case, the colimit is
a homotopy colimit. Thus, for all cellular objects Y of [P,TopQ]
proj
0 , the unit of the
adjunction
Y −→ ∆P lim−→
Y
is a pointwise weak homotopy equivalence. 
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8. Concluding remarks
We conclude this paper with two remarks.
About the monoid of nondecreasing continuous maps from [0, 1] to itself. The
behavior of the homotopy colimit holim
−−−→
DM(X, dX) in the enriched case remains the
same because Theorem 7.6 can still be applied. However, the homotopy colimit in the
non-enriched setting behaves well in this case. To see that, we start from the surprising
observation due to Tyler Lawson (let us recall that unlike groups, every Quillen cofibrant
path-connected space has the same homotopy type as the classifying space of some monoid
[McD79, Theorem 1]):
8.1. Theorem. [Law18] (T. Lawson) The classifying space BM is contractible.
Note that in the proof below, the two maps of monoids U, V : M → M induce two
endomorphisms of the group G. However, φ and ψ, which provide the homotopies, do
not belong to G.
Proof. Consider φ, ψ ∈M defined by
φ(x) =
{
2x if x 6 1/2
1 if x > 1/2
ψ(x) =
{
0 if x 6 1/2
2x− 1 if x > 1/2
Define two maps of monoids U, V :M→M by
(Uf)(x) =
{
1
2
f(2x) if x 6 1/2
x if x > 1/2
(V f) = Id[0,1]
For any f ∈M, we have the following identities:
φ.(Uf) = IdM(f).φ
ψ.(Uf) = (V f).ψ
As a result, we can reinterpret this in terms of the one-object category M: we get
three functors IdM, U, V : M → M and natural transformations φ : U ⇒ IdM and
ψ : U ⇒ V . Upon taking geometric realization, we get a space BM, these functors turn
into continuous maps IdBM, BU,BV : BM → BM and homotopies Bφ from BU to
IdBM and Bψ from BU to BV . However, BV is a constant map, and so this says that
the homotopy type of BM is contractible. 
We obtain as an immediate consequence:
8.2. Theorem. We have a weak homotopy equivalence
holim
−−−→
DM(X, dX) ≃ dX
where the homotopy colimit is calculated in the ordinary (i.e. non-enriched) projective
model structure.
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Proof. Every map φ∗ : dX → dX is homotopic to the identity by the homotopy H :
[0, 1]× dX → dX taking (t, γ) to γ.(t.φ + (1 − t). Id[0,1]). We deduce that every map of
DM(X, dX) is a weak homotopy equivalence. Since BM is contractible by Theorem 8.1,
the ordinary (i.e. non-enriched) homotopy colimit holim
−−−→
DM(X, dX) is in this case weakly
homotopy equivalent to dX by [CS02, Corollary 29.2]. 
Toward a generalization of the main theorem. Every enriched functor f : P1 → P2
gives rise to a Quillen adjunction
f∗ ⊣ f
∗ : [P1,TopQ]
proj
0 ⇆ [P2,TopQ]
proj
0
where f ∗(G) = G.f is the precomposition by f and where
f∗F (−) =
∫ ℓ′
P2(f(ℓ
′),−)× F (ℓ′)
is the enriched left Kan extension. The main theorem can be reformulated as follows:
8.3. Theorem. Suppose that P is locally contractible. Let f : P → Thin(P) be the unique
functor where Thin(P) is the enriched small category which has the same objects as P
and exactly one map between each object. Then the functor
f ∗ : [Thin(P),TopQ]
proj
0 → [P,TopQ]
proj
0
is a right Quillen equivalence.
Proof. By Theorem 7.6, there is the right Quillen equivalence
∆Thin(P) : TopQ −→ [Thin(P),TopQ]
proj
0 .
The composite functor
TopQ → [Thin(P),TopQ]
proj
0
f∗
→ [P,TopQ]0
is the constant diagram functor ∆P which is a right Quillen equivalence by Theorem 7.6.
Since f ∗ preserves pointwise fibrations and pointwise weak equivalences, it is a right
Quillen functor. By the 2-out-of-3 property, we deduce that it is a right Quillen equiva-
lence. 
This raises the question of generalizing Theorem 8.3 by considering an enriched functor
f : P1 → P2 between enriched small categories which is essentially surjective and locally
a weak homotopy equivalence. Similar questions are studied in [Shu09, Proposition 22.5
and Proposition 22.9] in the context of enriched homotopical categories. Unfortunately,
Shulman’s work cannot be used here, at least without adaptation, because the goodness
condition is not satisfied. The main obstacle is that the injection of a point need not be
a cofibration (cf. [Shu09, Definition 23.11]).
Appendix A. Variant for the particular cases of G and M
The obstacle mentioned in Section 8 to apply [Shu09] does not exist in the particular
case of G and M. Indeed we have the following proposition:
A.1. Proposition. For any map φ of G, the injection {φ} ⊂ G is a mixed cofibration.
For any map φ of M, the injection {φ} ⊂ M is a mixed cofibration.
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Proof. We write the proof for G. It is similar for M. The homotopy H : G × [0, 1] →
G defined by (ψ, t) 7→ tψ + (1 − t)φ between φ and IdG satisfies H(φ, t) = φ for all
t ∈ [0, 1]. Thus the inclusion {φ} ⊂ G is an inclusion of a strong deformation retract.
Let k∆ : T OP → Top be the right adjoint of the inclusion functor Top ⊂ T OP
(the ∆-kelleyfication functor). The space G is equipped with the ∆-kelleyfication of
the initial topology making the inclusion G ⊂ TOP([0, 1], [0, 1]) continuous. The space
TOP([0, 1], [0, 1]) is equal to k∆(T OP([0, 1], [0, 1])) where T OP([0, 1], [0, 1]) is the set of
continuous maps from [0, 1] to [0, 1] equipped with the compact-open topology. We have
a composite of continuous maps in T OP
G −→ TOP([0, 1], [0, 1]) −→ T OP([0, 1], [0, 1])
since the underlying set of TOP([0, 1], [0, 1]) and T OP([0, 1], [0, 1]) are the same and
TOP([0, 1], [0, 1]) have more open sets than the compact-open topology. Since [0, 1] is
compact metrisable with the Euclidian metric defined by d2(x, y) = |x−y|, the topological
space T OP([0, 1], [0, 1]) is metrisable, and the compact-open topology is induced by the
metric
d(f, g) = max
x∈[0,1]
d2(f(x), g(x))
by [Hat02, Proposition A.13]. We obtain a composite of continuous maps
q : G // TOP([0, 1], [0, 1]) // T OP([0, 1], [0, 1])
f 7→d(f,φ)
// [0, 1]
such that q−1(0) = {φ}. By [Str66, Theorem 3] (see also [BR13, Proposition 2.3]), we
deduce that the inclusion {φ} ⊂ G is a cofibration of the Cole-Strøm model structure.
Since this map is homotopic to Id{φ} which is a cofibration of TopQ, we deduce by [Col06,
Proposition 3.6] that the map {φ} ⊂ G is a mixed cofibration. 
A.2. Theorem. Let P be an enriched small category. The category [P,Top]0 can be
endowed with a structure of accessible model category characterized as follows:
• A map F → G is a weak equivalence if and only if for all ℓ ∈ Obj(P), the contin-
uous map F (ℓ)→ G(ℓ) is a weak equivalence of Topm, i.e. the weak equivalences
are the pointwise weak homotopy equivalences
• A map F → G is a fibration if and only if for all ℓ ∈ Obj(P), the continuous map
F (ℓ)→ G(ℓ) is a fibration of Topm, i.e. the fibrations are the pointwise Hurewicz
fibrations.
This model structure, denoted by [P,Topm]
proj
0 , is called the projective mixed model struc-
ture. The cofibrations are called the projective mixed cofibrations. This model structure
is proper. It is Quillen equivalent to the projective model structure [P,TopQ]
proj
0
Proof. The existence of an accessible model structure is a consequence of Proposition 5.1,
[Mos19, Theorem 6.5(ii)] and of the fact that all objects of Topm are fibrant. It is proper
by Theorem 4.5 and Theorem 6.6. The identity functor induces a left Quillen adjoint
[P,TopQ]
proj
0 → [P,Topm]
proj
0
since every projective (trivial) cofibration is a projective mixed (trivial) cofibration. All
objects are fibrant and the two model categories have the same class of weak equivalences.
Therefore, it is a Quillen equivalence by [Hir03, Definition 8.5.20]. 
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A.3. Theorem. Suppose that P is either G orM viewed as one-object enriched categories.
Let f : P → Thin(P) be the unique functor where Thin(P) is the enriched small category
which has one object and the identity map as the only map. Then the functor
f ∗ : [Thin(P),TopQ]
proj
0 → [P,TopQ]
proj
0
is a right Quillen equivalence.
Proof. The first step is to replace the projective model structures by the projective mixed
model structures. Indeed, it suffices by Theorem A.2 to prove that the Quillen adjunction
f∗ ⊣ f
∗ : [Thin(P),Topm]
proj
0 ⇆ [P,Topm]
proj
0
is a Quillen equivalence to complete the proof. It then suffices to prove that the total
derived functors induce an equivalence of categories between the homotopy categories by
[Hov99, Proposition 1.3.13]. To prove this fact, we can work in the more general setting
of enriched homotopical categories in the sense of [Shu09]. We want to apply [Shu09,
Proposition 22.5]. In the language of [Shu09], we have to prove that the two enriched
small categories Thin(P) and P are very good for the tensor structure generated by the
binary product of Top. To prove the latter fact, we have to use [Shu09, Theorem 23.12].
It is easy to check that the monoidal model category (Topm,×) is simplicial and that
the binary product gives rise to a Quillen two-variable enriched adjunctions. All spaces
of maps of Thin(P) and P are cofibrant in Topm. To check the hypotheses of [Shu09,
Theorem 23.12], it remains to check that any injection of a singleton in one of the space
of maps of G or M is actually a mixed cofibration (cf. [Shu09, Definition 23.11]). It is
precisely what is proved in Proposition A.1. 
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